We describe a one-step, deterministic and scalable scheme for creating macroscopic arbitrary entangled coherent states (ECSs) of separate nitrogen-vacancy center ensembles (NVEs) that couple to a superconducting flux qubit. We discuss how to generate the entangled states between the flux qubit and two NVEs by the resonant driving. Then the ECSs of the NVEs can be obtained by projecting the flux qubit, and the entanglement detection can be realized by transferring the quantum state from the NVEs to the flux qubit. Our numerical simulation shows that even under current experimental parameters the concurrence of the ECSs can approach unity. We emphasize that this method is straightforwardly extendable to the case of many NVEs.
A s one of the promising building blocks for solid-state quantum information processing (QIP) [1] [2] [3] [4] [5] [6] , the nitrogen-vacancy (NV) center consisting of a substitutional nitrogen atom and an adjacent vacancy in diamond can be optically controlled and fast microwave manipulated with long coherence time even at room temperature 7, 8 . Additionally, benefiting from the enhancement of the magnetic-dipole coupling by a factor ffiffiffiffi N p through the collective excitation, the strong coupling regime has been reached in the hybrid systems consisting of NV center ensemble (NVE) and superconducting circuit [9] [10] [11] [12] [13] [14] [15] [16] [17] , which have recently attracted much attention. Several potential applications based on the collective excitation of the NVEs are investigated both theoretically and experimentally, such as quantum memories [18] [19] [20] [21] , continuous variable entanglement 22, 23 , quantum state transfer 24 and quantum simulation 25 . The practical quantum information processing requires generation of multipartite entanglement among NVEs, which is usually quite complicated and time-consuming. For example, to generate entanglement between two NVEs, we may employ a sequence of single-and two-qubit operations, such as SWAP gates. In this way, either the gate number or the operation time increases much more quickly as the number of the NVEs increases. Therefore, to efficiently generate multipartite entanglement among NVEs, we need to find a faster method with less operation time and gates. To this end, we present in this article a scalable and tunable framework for generating macroscopic arbitrary entangled coherent state (ECS) [26] [27] [28] [29] [30] [31] [32] among many separate NVEs in a deterministic way. The key point of our proposal is that the flux qubit plays the role of data bus and the collective excitations of the NVEs behave as bosonic modes or harmonic oscillators in the low-excitation limit. Through the collective magnetic coupling and the in situ tunability of the flux qubit, we show that a macroscopic ECS of NVEs can be generated with high success possibilities even under the decoherence of the flux qubit and NVEs. More importantly, we consider the magnetic field applied along a direction [100] of the NV centers 18 to suppress the broadening of the ODMR spectral lines due to excitations in four crystalline orientations. This can largely reduce the overheads in gate operations with the increment of the number of NVEs. So our scheme not only allows an efficient way to accessing the large-scale continuous variable quantum computing in many-body systems, but also serves as a critical building block towards scalable architectures based on solid-state QIP. It should be noted that the ECS owns unique quantum characteristics [33] [34] [35] (e.g., robustness to single-particle decoherence) and can be used for various applications beside quantum information processing 36 , ranging from the fundamental quantum information theory 37 and the implementation of quantum communication 38, 39 to quantum metrology 40 . The quantum error correction may also be easily implemented with the logical qubit defined by the superposition of the coherent states 41, 42 .
The remainder of this paper is organized as follows. We present our system architecture in details in Sec. II, and the preparation and readout of the ECS of NVEs in Sec. III. Sec. IV focuses on the influence from the decoherence effects of the system. Discussion is presented in Sec. V. Finally, we conclude our findings in Sec. VI.
Results
System and Model. As schematically shown in Fig. 1 , we consider two diamond NVEs glued near the boundary of a big superconducting gap-tunable flux qubit, which consists of four Josephson junctions characterized by Josephson energies E J and aE J , respectively. Near each of the NVEs, there are small flux qubits employed for detection, which are initially tuned to be uncoupled with both the NVEs and the big flux qubit. When the biasing of the main loop is close to one-half of a flux quantum W 0 5 h/2e, the gap-tunable flux qubit can be treated as an effective twolevel system described by the Hamiltonian (in units of 5 , where s z and s x are usual Pauli operators in the basis of flux eigenstates j0ae f (clockwise persistent current) and j1ae f (counterclockwise persistent current). Here, the energy splitting of the qubit is given by e(W ext )5 2I p (W ext 2W 0 /2) with I p the persistent current in the flux qubit. hD W' ext ð Þ is the energy of the tunnel splitting, which induces flip of the qubit states 44, 45 . Note that e(W ext ) and D W' ext ð Þ can be controlled independently by the external magnetic flux threading the main loop and a loop, respectively, through two extra microwave lines for a finite time period, e.g., of the order of nanosecond [46] [47] [48] . This enables us to couple the flux qubit to the NVE at the optimal point where the flux qubit has its longest coherence time. In our case we tune e(W ext ) to be zero, and tune D W' ext ð Þ to be equal to NVEs' transition frequency. In this way, the flux qubit basis {j0ae f , j1ae f } is defined in the eigenstates of the Pauli operator s x . Additionally, a resonantly driven microwave on the flux qubit with Rabi frequency V d is also required to control the dynamics of the system. For the spin-triplet ground state of a NV center with a zero-field splitting D gs 5 2.87 GHz between m S 5 0 and the nearly degenerate sublevels jm S 5 61ae 49 , we apply an external magnetic fieldB ext along the crystalline direction [100] of the NV centers to split the degenerate sublevels jm S 5 61ae, which results in a two-level system denoted by jgae 5 j 3 A, m s 5 0ae and jeae 5 j 3 A, m s 5 21ae, respectively 16 . So the Hamiltonian of the NVEs is given by
where the last term represents the Zeeman splitting under the magnetic field B z (i.e., the part of the external magnetic field along the crystalline directions). E is the strain-induced splitting, g e is the ground-state Lander factor, m B is the Bohr magneton, and N j is the number of the NV centers involved in the j-th spin ensemble.
To have a good two-level approximation for the NV centers, the diamond crystal is assumed to be bonded on top of the flux qubit chip with its [001] surface facing the chip 18 . S 
where v j 5 D gs 2 g e m B B z , the last term is the interaction between the NVE and the flux qubit, and B f is the magnetic field (along the direction [001] of the NV centers) produced by the flux qubit. t Pauli operators for the i-th NV center in the j-th spin ensemble. Actually, the additional magnetic field B f is attributed to the superposition state of the clockwise and counterclockwise persistent currents. V d (v f ) is the Rabi frequency (frequency) of the additional microwave resonantly driving on the flux qubit.
Using the Holstein-Primakoff (HP) transformation 50 , we map the spin operators to the bosonic operators as follows: 
where
f is the effective coupling strength between the NVE and the flux qubit. In the case of G j =v j and V d =v f , the Hamiltonian in the basis of the eigenstates of the flux qubit takes
, where the rotating-wave approximation (RWA) is adopted to neglect fast oscillating terms. The ladder operators s 6 are defined as s 6 5 (s z 6 is y )/2.
Preparation and readout of the ECS.
In what follows, we describe how to generate deterministically the ECS of two spin ensembles in our setup by following three steps: (i) The system is initially prepared in the state jy(0)ae 5 j0ae f j0ae 1 j0ae 2 . Assuming that the splitting frequency D W' ext ð Þof the flux qubit and the frequency v f of the driving field are set to be equal to the NVE collective excitation frequency v j , the effective Hamiltonian in the rotating frame becomes
on the time scale of nanoseconds, we can switch from the flux qubit basis {j0ae f , j1ae f } to the dressed state basis {j1ae f , j2ae f }, with
, and the evolution operator takes the form
after neglecting the fast oscillating terms, withs z~z j i z h j{ { j i { h j, and U 0~e xp {itV dsz =2 ð Þis the rotating unitary operator. This operation U(t) displaces the collective bosonic mode of NVE by the amount of 6iG j t/2 conditional on the flux qubit states j0ae f or j1ae f ,
with a 1 5 2iG 1 t/2 and a 2 5 2iG 2 t/2. For simplicity we set the phase factor V d t/2 5 np (n~1,2,3 Á Á Á ), which can be realized by precisely controlling the operation time. One can see the generated entanglement among the flux qubit and the two NVEs.
(iii) To generate the ECS of NVEs, we need to measure the state of the flux qubit on j0ae f and j1ae f . This task can be performed by applying a pulse sequence on a dc SQUID attached to the flux qubit (not shown in Fig. 1) , where the voltage state of the SQUID is very sensitive to the faint change of the flux, and depends on the switching probability of the energy eigenstates of the flux qubit 16 .
The detection of the ECS is not a trivial task. In order to measure the ECS, we need to transfer the states from the NVEs to two additional small flux qubits, each of which is attached on a NVE, as shown in For a more general case of ja j j 2 . 1, the usual way to the state transfer from the j-th NVE to the j-th flux qubit,
be performed by a sequence of single-qubit gates and the operation 36 U s~e xp ie b
where the operator exp {ipb entanglement between NVEs can be detected by measuring the states of small flux qubits. We should note that the detection in our scheme requires the coupling strength of each NV center to the large flux qubit to be proportional to that to the small one, which guarantees the collective mode detected by the small flux qubit to be identical to that already prepared in the large flux qubit. Although it looks like an additional technical difficulty, the operations are experimentally doable. For example, the NVEs can be placed to the positions where the magnetic fields generated by both the small and the large flux qubits are nearly homogenous due to careful design of the qubits' circuit patterns 51 .
Discussion
To visualize the decoherence effect on the evolution of concurrence between the NVEs, we have plotted the time-dependent C 12 (t) in Fig. 2 . Due to the presence of decoherence, the concurrence increases first and then decreases gradually to zero. So to carry out our scheme more efficiently, we have to suppress these imperfect factors as much as we can. On the other hand, the concurrence keeps to be of very high values ($ 0.95) under the decoherence as long as the time is evaluated within the domain [2/G, 2.5/G], and the maximal entanglement (^0:97) can be obtained if the operation time t' op^2 :3=G. We emphasize that a stronger decoherence only slightly reduces the maximal value of the concurrence, as shown in the bottom panel of Fig. 2 .
In Fig. 3 , we have exactly calculated the evolution of the system, where the fast oscillating terms are involved. We may compare the generated ECS jy9(t)ae in the non-RWA case with the ECS jy(t)ae generated by the effective unitary operator U t ð Þ~U 0 exp
Here, the fidelity is defined as F(t) 5 jAEy9(t)jy(t)aej. As shown in Fig. 3 , the fidelity F(t) decreases in time evolution, which is larger than 0.98 only for t 0 # 2/G and V/G 5 30. Therefore, effective unitary operator U(t) is valid within this regime, and the generated ECS has the amplitude jaj 5 jbj 5 jit 0 G/2j 5 1 at time t 0 , which is large enough to define the orthogonal qubit. In practice, if we choose G 5 25 MHz, the microwave drive is V 5 750 MHz, which is within the reach of experimental feasibility 55 . The condition on HP transformation for the NVEs requires that the total number of the excitations be much smaller than the number of the NV centers in each NVE. In our case, the average photon number in the two NVEs can be calculated as
where j 5 e 2 ct 1 e ct 2 2qP 1 P 2 cos(V d t). Considering the case of G 1 ? G 2 , we set G 2 5 (1 1 D)G 1 . As shown in Fig. 4 , we plot the total photon number N 5 N 1 1 N 2 as a function of the parameter D and time. One can find that the value of N is smaller than 20. So the small excitation number ensures a reasonable HP transformation in our scheme.
We address some remarks for experimental implementation of our scheme. In our proposal, the flux qubit is strongly driven and the qubit basis is changed to dressed states j1ae and j2ae. This is equivalent to the continuous dynamical decoupling 21 . Based on recent experiments 16 , the NVE-flux qubit coupling strength has reached up to 70 MHz. In our proposal, if we set G 1 5 G 2 5 50 MHz and t' op~2 :3=G, the operation time for obtaining the ECS of NVEs with high values of concurrence is about 40 ns, which is much shorter than the coherence times of the NV centers and the flux qubit. In addition, the decoherence of the NVE increases with the density of the NV centers. Thus, it is required to suppress the decoherence of the NVE by the spin-echo pulses and/or by improving the conversion rate from nitrogen to NV which decrease the redundant nitrogen spins and thereby reduce the linewidth of the NVEs.
As a final remark, we emphasize that the setup plotted in Fig. 1 is straightforwardly extendable to the case with many NVEs involved, which would be essential to scalable QIP. For a more specific description, we have designed in Fig. 5 a novel tunable architecture that allows superconducting flux qubits to provide flexibility in arrangement of NVEs. In such a way, all spin ensembles are arranged in two or three spatial dimensions, where the flux qubit serves as a quantum bus for the non-interacting spin ensembles. The total Hamiltonian is given by
with N the total number of NVEs. Eq. (6) can take an effective form X N j~1
V dsz in the dressed state basis by performing the similar transformations to the two-NVE case. As a result, all the NVEs will be projected into the ECS
with the normalization factor Y, and a j 5 2iG j t/2 corresponding to the readout from the states j0ae f and j1ae f with respect to the flux qubit, respectively. We note that optical pulses are required to individually address the NVEs in the spatial scale. The present method would be very efficient for generating a continuous-variable entanglement among separate spin ensembles, which is a necessary step on the path towards a scalable solid-state quantum computing. In summary, we have proposed a scheme of one-step creation of arbitrary macroscopic ECSs among many separate NVEs through the collective magnetic coupling to the flux qubit. We have shown that the ECSs of the spin ensembles can be achieved with high success possibilities even under the influence of decoherence from the flux qubit and NVEs. We have realized the worry about the large loop of the flux qubit which may cause more noise. However, we consider that the gap-tunable flux qubit employed in our scheme can work at the optimal point, strongly suppressing the dephasing time. On the other hand, we have recently fabricated some large loop gap-tunable flux qubits experimentally with the coherent time on the order of one microsecond, in which no significant drop was observed when the flux qubit loop size is increased from 4 3 5 mm 2 to 20 3 20 mm 2 . Considering the fact that we can use small pieces of NV sample with the size about 1 3 1 mm 2 , we are confident of the feasibility of a multi-qubit entanglement using a flux qubit with the loop size of 400 mm 2 . Therefore we argue that the proposal is practical under the present experimental parameters, and should be helpful for largescale QIP in solid-state quantum systems, particularly for continuous-variable quantum computing and quantum communication. 
Then we solve the differential equations above with the initial state 
where S 5 e 2ct 1 e ct 1 2qP 1 P 2 cos(V d t) is the normalization constant with P 1 5 AEa j2aae and P 2 5 AEb j2bae. Note that we can obtain the similar result if the readout of the flux qubit is j1ae f .
We employ below the concept of concurrence for bipartite entangled nonorthogonal states 54 to measure entanglement between the NVEs. To this end, we first make a suitable transformation on Eq. (11) from the nonorthogonal form of Eq. (11) into an orthogonal form by rebuilding two orthogonal and normalized states as the basis states of the two-dimensional Hilbert space, i.e., we define j0ae 1 5 jaae 1 , j1ae 1 5 (j2aae 1 
So we have the concurrence for the ECS in the form
